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sections of singular hermitian line bundles. 
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Abstract 

We prove a sharp Ohsawa-Takegoshi-Manivel type L 2 -extension re- 
sult for twisted holomorphic sections of singular hermitian line bundles 
over almost Stein manifolds. We establish as corollaries some extension 

. results for pluri-twisted holomorphic sections of singular hermitian line 

' bundles over projective manifolds 

(N ' 

1 Introduction 
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The L 2 -extension problem that we will consider can be formulated in a vague 
way as follows. Let Y be the zero set of a generically transverse holomorphic 
section a of a hermitian vector bundle E over an almost Stein manifold and 
let L be a hermitian line bundle satisfying suitable curvature conditions with 
respect to the curvature of E and a quasi-plurisubharmonic weight ip. Then 
^ ■ any holomorphic section of Kx + L satisfying a certain L 2 -condition with 

respect to <p admits an extension with uniform L 2 -estimate. 

The classic situation, which has been first considered in |Oh-Ta| . and 
successively in |Siu2| . [Berj . |Mc- Va| . is when the hermitian bundle E is the 
flat bundle Cx and X is a bounded pseudoconvex domain. The situations 
considered in [Siu2j and |Mc-Vaj are reduced by the authors to this particular 
case. In all this works it is sufficient to prove first the result in the case 
if} . the weight function (p is smooth and then to extract a weak limit solution. 

This is always possible by the uniformity of the L 2 -estimate satisfied by the 
C^- ' holomorphic extensions. 

In this particular case there is no trouble with the regularising process 
q | of (p since the curvature assumptions reduces to the pseudoeffectivness of L. 

We give a simple proof of this classic case in the appendix. However this 
is not needed in our proof of the general geometric case, so the reader not 
interested with this particular case can skip this part. 

In the case E is not hermitian trivial the lost of positivity in the curvature 
conditions occur even in the case E is holomorphically trivial and X is a ball. 
This is due to the presence of the singular weight produced from the section 
a in the curvature hypothesis. In the case r : = rk c E > 1 there is no 
way known so far, of regularising a quasi-plurisubharmonic function f by 
producing an arbitrary small lost of positivity of the current 

T :=idd(ip + r log \a\ 2 ) , 

even in restriction of the complete Kahler manifold X \ Y. In the case r = 1 
the regularisation process produces an arbitrary small lost of positivity of the 
current T all over X \ Y. This is possible by the Lelong-Poincare formula. 
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On the other hand by replacing |<r| 2 with |ir| 2 +e 2 in the definition of T one 
loses a fixed amount of positivity over an open set {\a\ < Ae}, depending on 
the curvature of E. This lost of positivity can be handled by applying a new 
perturbation method (inspired from the perturbation method introduced in 
[Demi] ) to the standard L 2 -theory. 

This local picture is very close to the case when X is a projective variety 
since by subtracting a hyperplane section H to X one can cover X \ H by an 
increasing family of coordinate pseudoconvex open sets. In the subsection 
I3.1l we explain how our general positivity estimate simplifies in the particular 
local or projective case. Our proof of the general global case (see the main 
theorem [4] in section [3j) is based in large part on the previous works |Man| , 
|Dem3j in which the authors consider the global geometric context without 
the presence of the singularities. In our global and singular case there is an 
extra lost of positivity due to the singularities of the weight cp. By replacing 
the current T with the current 

idB(ip e + rlog(\a\ 2 + e 2 )) , 

(p £ := log(e' p + e 2 ) we introduce a fixed lost of positivity over an arbitrary 
small neighborhood of the poles 

¥> -1 (-oo)U{|ff| = 0}. 

Our new perturbed L 2 -method requires only the regularisation of the bounded 
quasi-plurisubharmonic functions <p e , which is a substantially simpler task 
than the general case considered in |Deml| and |Dem2| . 

An other difficulty is that we can not let e — > directly in the process of 
weak limits extraction. The reason is due to the fact that the starting holo- 
morphic extension produced by standard L 2 -methods is not I? with respect 
to the weight tp. For this reason we need first to construct a holomorphic 
L 2 (e _</3 )-extension. This is possible since the almost Stein condition provides 
an arbitrary large amount of positivity rw > required to absorb the er- 
ror therm produced by the extension obtained by local gluing. However the 
holomorphic L 2 (e~ v )-extension F' constructed in this way does not satisfy 
an uniform L 2 -estimate. The estimate obtained in this way blows up when 
the shape of the domains involved in the exhaustion increases. 

The extension with uniform L 2 -estimate is constructed by applying the 
previous e-weak limit extraction process with initial extension F' . 

Allowing singularities requires a condition on the weight ip with respect 
to Y, This condition is always satisfied for quasi-plurisubharmonic weights 
of analytic type plus a continuous rest. We wish to point out that the reg- 
ularising process in |Dem2| produces only approximations of analytic type 
plus a bounded rest, which can be made smooth only after blow-ups. More- 
over in the case rk c E > 1 the subtle game of positivity lost and weak limit 
extraction does not allow to approximate a general weight ip in order to 



2 



avoid the singularity condition with respect to Y. As previously suggested 
the extension result in the case X projective and rk c E = 1 can be obtained 
(see subsection 13 . 1 [) by slightly modifying the arguments in [Man] . |Dem3| . 
In this and other particular situations (see subsection 13. ip the singularity 
condition on the weight is not needed. 

In the last section we establish as corollaries some extension results for 
pluri-twisted holomorphic sections of singular hermitian line bundles over 
projective manifolds. We are able to perform our extensions from singular 
varieties under an integrability assumption. The technique we use has been 
invented by Siu |Siulj . |Siu2j and drastically simplified in [Pal J. 

2 Basics of perturbed L 2 -theory 
2.1 The abstract existence result 

We start by proving the following abstract existence theorem on Hilbert 
spaces (see also |Hor j . |DemlJ). which part (B) will be quite crucial for the 
rest of the paper. 

Theorem 1 Let T : H\ — ► H2, S : H2 — ► H3 be closed densely defined linear 
operators between Hilbert spaces such that SoT = and let L : H2 — > H2 be a 
linear operator whith domain D{L) = H2 such that for all v G D(T*) PiD(S) 
hold 

(Lv,v) < \\T*v\\ 2 + \\Sv\\ 2 . (2.1) 

(A) Let g € Ker S admitting a constant C g > such that for all v G H2 hold 

\(g,v)\ 2 <C 9 (Lv,v). (2.2) 
Then there exist u G D(T) such that Tu = g and \\u\\ 2 < C g . 

(B) Let Q : H2 — ► H2 be a self-adjoint operator, D(Q) = H2 such that 
Q 2 = Q and denote by P : H2 — > Ker S the orthogonal projection operator. 
Let also g G Ker S and C > 0, 5 > constants such that for all v G H2 hold 

\(g,v)\ 2 <C{(L + 5 2 Q)v,v) . (2.3) 

Then there exist (u,h) G D(T) x H2 with norm \\u\\ 2 + \\h\\ 2 < C such that 
Tu + 5PQh = g. 

Remark. In the case the linear operator L is nonnegative, it admits an 
inverse and g G KerS n D(L -1 ) then one can choose C g = {L~ l g,g) in 
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statement (A). In fact set (•,•) := (L-,-). Then the Cauchy-Schwarz in- 
equality implies 

|C»,w)| 2 = |<£-Vw>| 2 < (L-V^> 

= {g^L^g) ■ (Lv,v) = C g (Lv,v) . 

The key point about statement (B) is that in the applications a few quantities 
depend on the parameters Q, S with the exception of C > which is always 
uniform in Q,5. This will allow to take weak limits in order to obtain a so- 
lution of the equation Tu = g even when the estimate (|2.2p is not available. □ 

Proof of (A). The fact that S o T = implies (KerS') ± C KerT*, thus 
D(T*) = (Ker S n D{T*)) (KerS 1 )- 1 . The equation Tu = g is equivalent 
to the condition (v,Tu) = (v,g) for all v € D(T*), which in its turn is 
equivalent with 

(T*v,u) = (v,g), (2.4) 

for all v S D(T*). By the other hand combining the conditions (12. ip and 
(|2.2p we deduce the estimate 

\(g,v)\<Cy 2 \\T*v\\, 

for all v G Ker S fl D(T*), thus for all u € D(T*). This implies that the 
map F : R(T*) — ► C, F(T*v) := (u,<?) is well defined on the range R(T*) of 
T*, linear and bounded. Therefore there exist a unique it € R(T*) such that 
F(T*v) = (T*v,u) for all u S D(T*), which is precisely the condition (|2.4|) . 

1/2 

Moreover ||u|| = ||F|| < C 9 . 

Proof of (B). We consider the closed and densely defined linear operator 

T:H 1 eH 2 — >H 2 , f(u, h) = Tu + 5PQh . 

Clearly S o T = 0. We remark that the adjoint operator T* is given by 
f*(v) = (T^,T^)(v) = (T*v,5QPv), with D(T*) = D(T*). In fact for all 
u e D(T), v G D(T*) and h e H 2 hold 

(u,f*v) + (h,f*v) = ((u,h),f*v) = (f(u,h),v) 

= {u,T*v) + {h,5QPv). 

By combining the assumption on Q with the estimate (|2.1|) we deduce for 
all v £ Ker S fl D(T*) the estimate 

((L + 5 2 Q)v,v) < \\T*v\\ 2 + ||<5Q«|| 2 = \\f*v\\ 2 . 
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Then the conclusion follows from the proof of statement (A) by replacing T 
with f. □ 



The following elementary claims will be very useful in the process of ex- 
traction of weak limits. 

Claim 1 Let (ui)i be a uniformly bounded sequence of functions point-wise 
converging to u almost everywhere and (Fi)i C L 2 (X) be a sequence of func- 
tions L 2 -weakly convergent to F. Then the sequence (uiF{)i converges L 2 - 
weakly to uF. 

Proof. We write 

ui Fi - u F = ui Fi - u Fi + u Fi - u F = (ui - u)Fi + u(Fi - F) . 

Obviously the sequence u(Fi — F) converges to zero L 2 -weakly. For any 
^ € L 2 (X) we remark the inequality 
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(ui — u)Fi ip dV 



x 



< \\ F i\\h(x) / \ui-u\ 2 \^\ 2 dV. 



The L 2 -weak convergence implies sup ; H-fill^ry) < +00. The dominated 
convergence theorem implies J x \ui — u\ dV — ► 0. We deduce that also 
the sequence (ui — u)F\ converges to zero L 2 -weakly. □ 

Claim 2 Let (fk)k, (fk < c be two families of functions such that 

fx \ fk\ 2e ~ ipk dV < C and the sequence (p^ point-wise converges to (p. 

(A) . Then there exist a L 2 (X,dV)- weakly convergent subsequence (fi)i with 
limit f, such that f x \f\ 2 e~v dV < C. 

(B) . Assume also <fk+l < Pk, 1st S C L 2 (X,dV) be a closed subset, let 

P k : L 2 (X, e-^dV) — > S k := S n L 2 (X, e^ k dV) , 

be the L 2 (X,e~ <Pk dV) -orthogonal projector and let P the analogue projec- 
tor on Soo := S fi L 2 (X, e~ ip dV) with respect to the weight if. Then the 
subsequence (Pi f 1)1 obtained by (fi)i in (A), converges 1? (X , dV) -weakly to 
Pf- 

Proof of (A). By L 2 (X , dV)-weak compactness there exist a L 2 (X,dV)- 
weakly convergent subsequence Fi := //e - *^ 2 with weak limit F such 
that J x \F\ 2 dV < C. By the other hand the uniformly bounded sequence 
Uk := e^/ 2 point-wise converges to u := e^/ 2 . The conclusion follows from 
the fact that the sequence /; = U[ F\ converges L 2 (X, dV)-weak\y to / := u F 
by claim JT]). 
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Proof of (B). The inequality J x \Pifi\ 2 e~*' dV < J x \fi\ 2 e~* 1 dV < C im- 
plies that one can extract a L 2 (X, dV)-weak limit g € Soo from the sequence 
(Plfl)l- Let Pi~ be the complementary projectors. We infer hi : = P^fi — > 
h := f — g, L 2 (X,dV)-weakly. We will be done if we prove the convergence 

0= f (hi,v)e~ Vl dV — ► [ (h,v)e-' p dV, (2.5) 
Jx Jx 

for all v € Soo C S 1 ;. The inequality f x [hi^e - * 1 dV < C implies by the proof 
of statement (A) the L 2 (X,dV)-weak convergence hie'^l 2 -> he~* I 2 . By 
the other hand the monotone convergence theorem implies the L 2 (X,dV)- 
strong convergence ve~ Vl ' 2 — > ve~ Lp l 2 . We infer (|2.5p . □ 

2.2 The geometric context 

We explain now the geometric context related with the fundamental abstract 
inequality (|2.ip . Let (F, /i) be a hermitian vector bundle over a Riemann 
manifold (M,g) (of dimension n) equipped with a /i-hermitian connection 
and let V be the induced hermitian connection over the hermitian vector 
bundle <g> R F, (-,-)), where (•,•) is the induced hermitian product. 

We remind that the trace of any linear map L : Tm — ► ?m ® r F is the 
element in F identified by the map 

n 

TrL : A n T M -> A n T M ® R F , «i A ... A u n ^ v x A ... A L(w,-) A ... A v n . 

3=1 

Then for any F- valued 2-tensor a, we define its trace Tr ff a with respect to 
9 by 

Tr 9 a := Tr[(I F <g> g' 1 ) oa:T M -> T M ® R F] . 
Moreover consider the first order differential operator 

V : £((T* M )^ ® R F) - £((r^ +1 ® R F), 

defined by Va(£o, € p ) ■= V&a^i, for a U vectors £o)->£p G Im^. 

The divergence of a is defined by the formula 

diva(£i,...,£ p _i) := Tr s Va(-, •, &, £ P -i). 

The formal adjoint operator of V is given by the formula V* = — div. In fact 
let (3 be a F-valued (p + l)-tensor such that the intersection of its support 
whith the support of a is relatively compact and consider the 1-form 7 given 
by the formula 7^) = (3) for all £ G Tm- We prove first the identity 

div 7 = (Va,/3) + (a,div/3) . (2.6) 
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In fact let (e&)& be a local g-orthonormal frame of Tm such that Ve^ = 
in a point x. Then at the point x we have the equalities 

div 7U = ^V ek j(e k ) lx =Y^e k .~/(e k ) lx = J2e k .{a,e k ^(3) lx 
= (( V e k a,e k ^P) lx + (a,V efc (eji._i0))|J 

k 

= (Va,/3) + (a, div/?}, . 

Let 77 G £ (M, Ta/ ® R C) be the unique vector field such that 7 = 77 _i g. 
By means of the partitions of unity we can assume that the support of 7 is 
contained in an oriented coordinate open set U . Let V g be the volume form 
over U, compatible with its orientation, induced by the metric g. With this 
notations hold the formula 

div 7 = %^>. (2.7) 

(Remark that the expression on the right is independent of the orientation.) 
By the Stokes formula we infer f M (divj) dV g = which implies V* = — div 
by the identity (12. 6p . We prove now the formula (12. 7|) . With the previous 
notations we consider the dual frame e* k := e k -i g. Then V g = ±e^ A .... A e* . 
The fact that Ve£ = implies d(e k -i V g )\ x = by the covariant expression 
of the exterior differential (see formula (|2.8p below with F = Cx M). By 
differentiating the trivial identity 

k 

we infer at the point x 
d(r?_i V g ) = ^2 e J -7(ejfe) e* A (e fc _i V g ) = e fc .7(e fc ) Vg = (div 7) V~ s . 

The /i-hermitian connection Vp on F extends to a exterior derivation on 
the sheaf £(A P T^ ® H F) that we still denote by V77. The relation with the 
operator V is 

p 

V F a(£o, e p ) = ^(-1) J Vafe,6, •-, 6, £ P ) • (2.8) 

3=0 

In fact by expanding the right hand side therm we get 

0<j<P 
0<j,l<p 
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The last sum is equal to the quantity 



- (-i) J ' + '«(v $! ^,eo,...,C—6,-,Cp) 

0<j<l<p 
0<Kj<P 

= y, (-i) J+i «(v 5; o-v^6,eo,...,6,-,C'->ep) 

0<l<j<p 

The fact that the Levi-Civita connexion is torsion free allows to conclude. 
We remark now that V* F = V* restricted to £(A P T^- <g> R F). In fact this 
follows from the identity (Vpa, (3) = (Va,(3), for all F- valued p-form a 
and F-valued (p + l)-form (3. Let prove this identity. Let (6 S ) S be a h- 
orthonormal frame of the bundle F of complex rank r. The coefficients of 
the local expressions 

r n r 

va = Y J YY. c ii e *j® e *i® 6 ^ v F a = Y B K e K®e s , 

s=l j=l \I\=p s=l \K\=p+l 

are related by the formula 

3=0 

where Kj := (fco, kj, k p ). By the other hand 

n p 

3=1 j=i 
= E("1) J (^ kj a,e^^e s ) = Y{-iyCl jk] = B S K 

3=1 3=0 

= {V F a,e* K ®e s ) , 

which proves the required identity. In conclusion we have found the formula 

V* F a = - Tr g Va, (2.9) 

for all F- valued p-forms a. We assume now that the hermitian vector bundle 
(F,h) is over a Kahler manifold (X,u) of complex dimension n. In local 
complex coordinates we will use the expression u> = § X)fc i^kjdzk A dzi- 
Let d F and d F be respectively the type (1,0) and (0,1) exterior derivatives 
induced by V_f. Then the formal adjoint operator V* F splits as V* F = d F +d F , 
where the formal adjoint d* F of d F is a (— 1, 0)-degree operator and the formal 
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adjoint d* F of d F is a (0, — l)-degree operator. If A and B are two operators 
on the fibres of A*T^ ® R F then their bracket is defined by the formula 

[A, B] :=AB-{-l) dcsAdesB BA. 

The dual metric 

<9z fc 0^ 



fc,Z 



can be considered as an operator on the fibres of bundle A*T^ ® K F. In 
fact we set uj* a := uj* _i a, where the contraction operator is defined by 
(£ A 77) _i a := £ _i (7/ _i a) = -a(£ A 77, •), for all £,77 G T^'°. With this 
notations hold the basic Kahler identities 

d* F = i[u\B F ] , B* F = -i[u*,d F ] . (2.10) 

In fact let (zi,...,z n ) be holomorphic w-geodesic coordinates centered at a 
point x and set e k := Cfc := = ^ . Let 

a = E a_ft:,L fg> rf-zx A dz F , 

\K\=p 
\L\=q 

be a (p,g)~form and set C^x^ := V F ^ r a K ,L G F X) C^l^ := V F ^a K ,L € 
Fj;. Then at the point s hold the local expressions 

= E E c k ,l,t®g a a A(l, 

r=l |A"|=p 
|Lj=g 

n 

r=l \K\=p 
\L\=q 

The fact that the family of real vectors (e^, Jefc)fc is a g{x) := uj(-, J-)[x)- 
orthonormal base implies, by the formula (12. 9|) . the expansion at the point 

x 

n 

V* F a = — Tr g Va = — E (ej _i V 6j a + Jej _i Vj 6j a) 



n 



2 E(^ v o a+ ^ v o a 



- 2 E E ((-^^(^((Haj+^j^CH^Aa) 



i=i |A-|=p 

\L\=q 
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By bidegree reasons we infer at the point x the expressions 



d* F a = E C^J®(<j-'&)ACL (2.11) 

3=1 \K\=p 
\L\=q 



8* F a = -2^ ^(-1^0(^(^(2)- (2-12) 

3=1 \K\=p 
\L\=q 

Moreover 

j=l \K\=p ^ Zj ' ^ Zj ' 

\L\=q 

We infer at the point x the expressions 



-id F (u* _, a) = E ® (o -> &) A £ A (0 — i C£) , 

j,r=l |A-|=p 
\L\=q 



iu* ^B F a = -2 J] E ® (0 - 1 Cft") A (0 — ' C A CD • 

j,r=l \K\=p 
\L\=q 

Then the identity 

o-. c a a = - c a (0--C2) , (2.13) 

combined with (|2.11l) implies the first basic Kahler identity in (|2.10|) . By the 
other hand the expressions at the point x 

n 

id F (co*^a) = -2(-lfE E C ^®Ca(0^Ck)A(0^C£), 

j,r=l \K\=p 
\L\=q 



-iu;*^d F a = -2(-l)^E E cr ^.r®(Ci->«?AC^))A(0->S). 

j,r=l |_ff|=p 
|L|= 9 

combined with the conjugate of (|2.13p and with (|2.12|) implies the second 
basic Kahler identity in (|2.10l) . 

We set now by {u,v) u ^h := f x (u,v) ujh dV w the L 2 -product and by 

the corresponding norm. For readers convenience we give a proof of the 

following fundamental result [Bocj . |Kod| . |Nak| . [Demi J. 
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Theorem 2 (L 2 -Bochner-Kodaira-Nakano Inequality). Let (F,dF,h) 
be a holomorphic hermitian vector bundle over a complete Kdhler manifold 
(X,u) such that —Cus ® Ip < iCh(F) for some constant C > 0. Then the 
L 2 , -extension (in the sense of distributions) of the formal adjoint operator 
d F coincides whith the Hilbert adjoint of the L 2 h - extension of Bp and 

([iC h (F),uj*]v, v) Uth < \\d F v\\l )h + \\B F v\\l >h . (2.14) 

for any v G D(B F ) n D{B* F ) C l? wh {X, A p,q T^ ® F). 

Proof. The Chern connection of F is defined by S7p,h '■= Bp,h + with 
9f,1i '■= h _1 • dp* • h. We infer dp = 0. Thus the Chern curvature of the 
bundle F satisfies the identity Ch(F) = [dp,h , Bf], Combining this with the 
basic Kahler identities (|2.10p and with the Jacobi identity we obtain the 
Bochner-Kodaira-Nakano identity A' F = A' F + [iCh(F),uj*]. By integrating 
by parts we infer 

\\B F v\\l !h + \\B F v\g jh = (A'pv, v) Uth = (A'pv, v) uJl + ([» C h (F),u*]v, v) u>h 
= \\BFv\\l th + \\B F v\\l th + ([i Ch(F),u*]v, v) Uih 

> ([iC h (F),u*]v,v) U)h . 

for all v G V p ' q (X, F). We extend now this inequality to L 2 -sections. For the 
moment we denote by B F j m the L 2 ^-extension (in the sense of distributions) 
of the formal adjoint operator Bp and by B FHb the Hilbert adjoint of the 
L 2 ^-extension of Bf- We remark first 

D{B FJrn ) = {ue Ll A | 3g G L 2 ^ h : (if, g) = (B F <p, u) , V</> G 2?} , 

D(B* F>m ) = {u€Ll >h \3g€Ll >h : (v, g) = (B F v,u) , Vv E D(B F )} . 

The obvious inclusion V C D(B F ) implies D(B* F Hb ) C D(B* F » ). The iden- 
tity Bp j m = Bp Hb will follow immediately from the fact that for all v G 
D(B F ) there exist a sequence (<£&)& C T> such that — > u and <9f</?/c — > 
in the L 2 h -norm. In fact the completeness assumption is equivalent to the 
existence of a non-decreasing sequence of functions \k G T>(X, [0,1]) such 
that the family of compact sets Xfc 1 ( 1 ) covers X and |dxjfc[w — ^ Thus 
XkV v and 

BF{Xkv) = XuBfv + Bxk A« — ► Spi; , 

in the L 2 ^-norm. This allows to localise the problem. The conclusion follows 
by using partitions of unity and usual regularising kernels (p £ ). Prom now 
on we identify the notations Bp = Bp « = B* F Hh . In the particular case 
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v € D{Bf) n D{8* F ) the sequence (<fk)k C T> so far constructed satisfies also 
the extra condition dpifk — > <9^i; in the ^-norm. This combined with the 
inequality 

([iC h (F) + 2Cw,w*]<pk,<Pk) Uih < \\dFVk\\l,h + \\dF<Pk\\l,h + 2CQ\\<Pk\\l,h> 

implies the required L 2 -Bochner-Kodaira-Nakano Inequality. In order to 
prove this convergence we remark as before that 

dpiXkv) = Xkdpv - (dxk)*v — ► d* F v , 

in the L 2 h -norm. So we can assume that the support of v is contained in 
a coordinate open set trivialising the bundle F. The conclusion will follows 
from the fact that 

\\(5* F v)*p e -d* F (v*p e )\\l th ^0, (2.15) 
as e — y 0. This is a straightforward consequence of the Priedrich's lemma. □ 

Lemma 1 Let a € A 1 ' !^ , u € A n ' q T^ ® c F , v € K n 'i +l T* x ® c F. Then 

| (aAu,D)^| 2 < \u\l^ h ([iat^a,u)*]v,v) Uth . (2.16) 

Proof . We prove first the identity ia* = [a,uj*]. Let (Cfc)fc be a frame such 
that io = i J2k Q A Cfc- We set for notation simplicity Q* K i '■= Ck A C£ and 
write a = Y^j &j (*. The identity 

(C K ,L > «*Cx,i?) = E ("J £ A ^K,L > Ck,h) 

= (-i) |k| E(^ac;ac2,^c^), 

combined with A C2 , Cjf ) = (C£ , Cj^C H ) implies 
We expand the therm 

3 r 

= (-i)i^X;^CA(C^a)A(C^G) 

r,j 

+ (-l)^iE^C^(CAC^A(C^Cl) = 

r,j 
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by the conjugate contraction identity (|2.13|) . By the other hand 

[ia A a, uj*]v = ia A a A (u* _i v) = —ia A a A (u* ju) = a A a*v , 

thus 

\a*v\ 2 = ([ia Aa,uj*]v,v) . (2.17) 
Then the conclusion follows by the Cauchy-Schwarz inequality 

I /- a \ |2 I / — * \ i2 - I |2i * |2 

| (a A u, v) | =|(u,a «)| < |u| |a t;| . 

□ 

We explain now the crucial inequality required for the proof of the extension 
results. This is due to [Oh- Taj . based on the previous works of |Do-Fe| . 
|Do-Xa| . The original proof in |Oh-Taj has been substantially simplified in 
|Oh| . The computation in this paper indicates that this inequality can also 
be obtained perturbing by a conformal factor the hermitian metric in the 
classic Bochner-Kodaira-Nakano Inequality. This has been also remarked 
recently in (Pa2j. 

Lemma 2 (Perturbed L 2 -Bochner-Kodaira-Nakano Inequality). 

Let (F, dp, h) be a holomorphic hermitian line bundle over a complete Kahler 
manifold (X,u), let e > be a constant, let rj, X > e be two bounded smooth 
functions such that 

-Clo < G£' A := rj i C h {F) - iddrj - X^i d<q A drj , 
idr\ A Br] < Cu>, for some constant C > and set L^J X h := [0^' A , u>*]. Then 

{ L ii v > v ) Uth ^ \\ B ^\\i,vh + n^i^^ft • ( 2 - 18 ) 

for any v € D(B F ) n D{B* F ) C L^ h (X,A n > q Tx ® F). 

Proof. Let B* Fr} be the Hilbert adjoint operator of Bf with respect to the 
conformal hermitian metric r\h. By definition we infer the formula 

B F ^ = B F -r\Br,y. 

In particular D(B F ) = D(B* F ) by the existence of the constants e and C. 
Moreover 

iC v h{F) = iCh(F) — i dB log?? = iCh(F) — r]~ l i dBr/ + rf 2 idr\ A Brj . 

The L 2 -Bochner-Kodaira-Nakano Inequality whith respect to the hermitian 
metric r]h implies 

([iCr/h(F),uJ*]v, v) w ^ h < \\B F v\\l jVh + \\B F ^v\\l )rjh 
< \\BFv\\l vh + \\B F v\\l vh + \\v- 2 (B V yv\\l vh - 2Ke {B F v , (B^v)^ h . 
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By the identity (|2.17p we infer 

(Jr}iCh(F) — i ddrj , uj*]v, v) 



< \\dFv\\l vh + \\B* F v\\l iVh - 2Ke {B* F v , {dr,)*v) Uth 

< pFv\\l tVh + \\d F v\\l ){rj+X)h + \\\~ 2 {Bv)*v\\l iXh . 

Then the conclusion follows by applying again the identity (|2.17|) . □ 

Consider now the Hilbert spaces H q+1 := L 2 h (X, A n ' q T x ®F),q = 0,1,2 
and the closed and densely defined linear operators 

Tu := Bp ((77 + A) 1/2 u\ and Sv := rj 1/2 B F v . 

We remark the identities 5 o T = 0, T* = (77 + A) 1 / 2 B* F , D{T*) = D(B* F ) 
and D(S) = D(Bp). The Perturbed L 2 -Bochner-Kodaira-Nakano Inequality 
(|2.18j) implies that the operators T and S satisfy the inequality (|2.1h in the 
abstract existence theorem (JTJ) . We infer by the abstract existence result Q] 
B the following corollary. 

Corollary 1 In the setting oflemma\E, if g G L 2 h (X, A n,1 T x <g)F), B F g = 
satisfies the inequality 

\(g,vU h \ 2 <c((L^ h + p 2 Q)v,v) (2.19) 

for all v € L 2 h (X, A n < l T x (g) F), (with p > a constant) then there exist a 
solution (it, h) of the perturbed d -equation dpu + pPQh = g, which satisfies 
the L 2 -estimate 

n\ I (rj + A)" 1 i n \ A h u + / \h\l h dV UJ < C . 
Jx Jx 

This is the case if g is of the type g = Br\ A (3, with (3 G L^X, Kx ® jP) and 
@^' A > 7 ^77 A Br] over an open set W C X , 

@^' A > 7 ^77 A Br] — p 2 u over X , 

with 7 > over X and 7 > over the support of /3 for some constant 
k > 0. In fact by lemma [1] we deduce 

\(9,v)^ h \ 2 < |/3|L([^A^o;>,t;}^ 
< k\P\l,h(hiB V AB V 
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over X. We infer 



(9, v) h dV w 



V ' h v i v 1 , "• ~ • 



x<w 



< C/2f 

< C/2l ((Lll + p*! 



", v ) dV u , 

ui.h 



with C = 2/cn! J x i n /? (3. Thus the fundamental inequality (|2.19l) hold 
with Q being the characteristic function of the set X \ W. 

Hermitian norms of forms. Let (X,uj) be a hermitian manifold. Let 
h* the corresponding hermitian metric over the complex vector bundle T* . 
In local complex coordinates we have the expressions 

d d 



h* 



Ik 



k,l 



dz k dzi 



We remind that if (V, J) is a complex vector space equipped with a hermitian 
metric h then the corresponding hermitian metric h c over the complexified 
vector space (V <8> K C, i) is defined by the formula 



2h c (v, w) := h(v, w) + h(v, w), v, w G V <S> R C, 

where we still note by h the C-linear extension of h. Thus /i c coincides with 
the sesquilinear extension over V ® R C of the Riemann metric associated to 
h. We infer the induced hermitian product on the vector bundle A p j 9 T x is 
given by the formula 

(A p j=1 a ltj A A g j=1 Pi t j , A p =1 a 2J A Aj =1 ftj) 



:= (p + g)!det(2- 1 / l *(a lj -,a 2 ,0) det (2- 1 / i *(/3 M , ft,,)) ■ 

In particular if a € A p j°T x ® c F, with (F, H) a hermitian vector bundle over 
X, then 

nlpl i p a A H a A w n_p 



I |2 

I "Li? 



(n — p)\ 



We will need also the following lemma. (See |Demlj for more general state- 
ments.) 

Lemma 3 Let (F, h) be a hermitian line bundle over a hermitian manifold 
(X,uj) of complex dimension n and let g € T(X,A n,q T x <gj L), q > 1 be a 
measurable section such that 

/ T^dZ^dVu < +00, 
Jx 
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for some 7 G C (X, [0,c]). Le< a/so be a smooth (1,1) -form such that 
> 7 a; ane? sef := [0, a)*] /or any hermitian form u >uj. Then hold the 
inequalities 

\9\l, h dV a < \g\l h dV u , (2.20) 

\(9,v)^ h \ 2 < (Lcv,v)c h - f (qiT l \9\l, h dVu, (2.21) 

Jx 

for all v G L% ih (X, A">«T£ ® L). 

Proo/. Let (Cfc)fc C C°°(C/, A 1 ' ^) be a local frame such that 

fc fc l^l=<? 

with < Ai < ... < A n < 1. We set Aj := ^jgj^j an d Aj := Ylj eJ Xj. For 
all j G J hold Xj > A j, thus 

Xj>qAj. (2.22) 
We remark now that oIVqj = (X\ ■ ■ ■ \ n )~ 1 dV (JJ and 

\9\l, h = (n + q)l ^(A 1 ---A n )- 1 A7 1 M 2 . 

|J|=9 

Thus 

KhdK, = (n + g)! 2 Vbjl 2 ^ > Ml,/^, 

|J|=9 

which proves (I2.20p . The inequality (|2.2ip follows by combining the Cauchy- 
Schwarz inequality with the inequality 

(L^g,g) dVc < (<n)- l \g\l >h dV u . (2.23) 
We prove now (|2.23p . The conjugate of the identity (|2.13|) implies 

n 

[LO,LO*}g = uA(u*^g) = ^ ^ A rffJ C A(( h C)aC A(( H (}) 

r,j=l \ J\=q 
n 

= EE a^jc* ac;a(c^c"}). 

The fact that (* A (Q _j £}) = C} if j G J and g A (Cj _i Cj) = if j £ J 
implies 

[u,u*]g= A J 9.J C* A Cj • 
|J|=9 
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The assumption G > 70; implies >cu,h 7[^,6>*] as operators, thus 

i^a^^kw*]" 1 . (2-24) 
The inequality (|2.23|) will follow by combining (I2,24p with the inequality 

([a,,£*]- 1 <7,5>^<% < g-'Kh^, 
that we prove now. In fact (|2.22p implies 

([u;,^}- 1 9,9)^ h dV^ = (n + q)l £ \f\gj\ 2 dV& 

\J\=1 

= {n + q)l^2(X 1 '--X n )- 1 Xj 1 \gj\ 2 dV u 

\J\=Q 

□ 

Definition 1 A function tp S C°(X, R>o) ewer a topological space X is 
called exhaustive if the open sets X c := {ip < c} are relatively compact for 
all c > 0. j4 complex manifold X is called weakly pseudoconvex if there exist 
a smooth exhaustive function ip such that iddip > 0. 

For domains $1 C C n the above weak pseudoconvexity notion is equivalent 
to pseudoconvexity. Note that every compact complex manifold is weakly 
pseudoconvex (take ip = 0). We observe also that the open sets X c are also 
weakly pseudoconvex. In fact the function 

i> c : = logc - log(c - tp) , 

is exhaustive over X c and 

- iddip idip A dip 
iddipc = + > , 

c — ip (c — ipy 

over X c . We remind the following basic result [Demi] . 

Theorem 3 Let (X,uj,ip) be a weakly pseudoconvex Kdhler manifold. Then 
the Kdhler metric to + iddip 2 is complete. 

We will note by B^(0) C C p the p-times cartesian product of the disc B$(Q) C 
C with radius 5 and center the origin. 

Definition 2 (Singularity condition) LetY C X be a pure p- dimensional 
complex analytic subset of a complex manifold X. Let ip £ L 1 {X, R) be a 
quasi-plurisubharmonic function such that restriction (fiy is not identically 
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— oo on any connected component ofY. We say that ip is Y -admissible if the 
following condition hold. 

Let U := -BJ(O) x Bg(0) C X be a coordinate open set with coordinates (z,() 
centered in an arbitrary regular point y G Y such that Y (~)U = {z = 0} is 
smooth. Set 

Y z :={(z,() I C € B£(0)}, 

and let J{}p) C Ox be the multiplier ideal sheaf associated to <p. 
For all f G H°(U, J(<p)) such that 

[ \f\ 2 e^i p2 d( Ad( < +00, (2.25) 

there exist a zero measure set E C B^(0) \ {0} and e' G (0, e) such that the 
map 



z G Bl,(0) \ E 1 — ► f Iffe'^i^dC Ad( < +00, 
is continuous at the origin. 



The ^-admissibility condition is always satisfied for quasi-plurisubharmonic 
functions (p which can locally be expressed as 



clog^ \hj\ 2 + u, 



with c G K>o, hj holomorphic, u continuous (this functions are called with 
complex analytic singularities) and such that restriction cpty is not identically 
—00 on any connected component of Y. In fact in the case 

tp-^-oo)^ := <p- x (-oo) n (B r £ (0) x B p s (0)) C Y , 

the Inadmissibility follows from the dominated convergence theorem, which 
can be applied thanks to the L 2 -assumption (12, 25ft . 

In the case tp~ l (— oo) £) <5 <f. Yq let / G H°(U, J{<p)) arbitrary. The assumption 

Y (£ ^ 1 (-oo) £i< 5, 

implies the existence of a blow-up map fj, : (z,£) 1— > (z, £) such that / o fx ~ 
z Q ^, up to an invertible factor and 

ipo /i = clog |£ 7 | 2 + i?, 

with i? continuous. This last equality follows from the fact that we can 
construct the blow-up map in a way that 

j 
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is an invertible sheaf. Moreover we can also assume that the Jacobian J{p) 
of jJL equal to a monomial £ s , up to an invertible factor. We infer 

/ \f\ 2 e-^ p2 d(Ad( = ! g(z,0 ^XLf' 2 \Z S \ 2 i p2 d^dt, 

with g continuous and invertible. 

3 The geometric singular L 2 -extension result. 

Theorem 4 Let (L, h) and (E, H) be two holomorphic hermitian vector bun- 
dles of rank rk c L = 1, rk c E = r over a complex manifold X of complex 
dimension n admitting a complex analytic subset A such that X\A is Stein, 
let a G H°(X,E) such that \a\ H < e~ a , a G R>i on X and 

Y :=Y £A, Y := {x G X \ a{x) = , A r da(x) + 0} . 

Consider also a quasi-plurisubharmonic function (p G L 1 (X 1 R) such that 
the restriction ip\y is not identically — oo on any connected component ofY . 
Assume that ip is Y -admissible and the curvature current 

Q:=iC h (L)+idB {ip + rlog\a\ 2 H ) 

satisfies the positivity assumptions 

6>0 and Q>a~ 1 H(iC H (E)a,a)\a\^ { 2 . (3.1) 

Then there exist a uniform constant C r > depending only on r and on a 
fixed cut off function such that for any section f G H°(Y, Kx <8> L), with the 
1? -property 

I Y (f, a, V ) := J i p2 f a A hiH f a e-f < +oo , (3.2) 

where p : = dim c Y = n — r and 

f a := f/(A r da) G H°(Y, K Y ® L\ Y ® K r E^ Y ) , 

there exist F G H°(X, Kx <8> L) such that F = / over Y and 

r j n ' 2 F A Fp^ 

M?(lo ; H , F <CrIrU,*, V ). 

We remark in particular the trivial inequalities 

° 2air - £) j x i^F A h F e- < jf ^^Zr * S ~ 2J ^ °> & 



e 
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for all e € (0, r). We observe also that the condition Y <jL A is always 
satisfied in the case X is a complex projective variety. Moreover in the 
case X projective (or bounded pseudoconvex domain) and rk c E = 1 the 
^-admissibility condition of tp is not needed (see subsection 13. 1(1 . 

In particular geometric situations the curvature conditions (|3.ip can be 
drastically simplified and the Inadmissibility condition can be dropped (see 
the remark at the end of the subsection 13. 

Proof. The proof is divided in several steps. 

A). The positivity estimate. We set 

S E :=log(\a\ 2 + e 2 ). 
Then a quite standard computation |De-Paj implies 

iddS e > ^idS £ AdS £ -^ £ , with $ £ : = H tt C H(E)a <T) 
\a\ z \a\ 2 + e z 

On the other hand hold the identity 



I |2 2 

idBS £ = , ffl = iddlog \a\ 2 + ^ idS £ A dS £ . (3.4) 
en + £ M 



We consider also the family of locally bounded functions 

tp 5 := log(e^ + 5 2 ) 

which decreases to ip as 5 — > and with complex hessian 

e v - 5 2 
idd(p s = —r—^o iddip + — id<p s A dtps ■ (3.5) 

We introduce the following notation. Let U, V C X be two sets. We will 
note [7y := [7 x V. Let S := Yy . We observe as in |Dem3| that the fact 
that Xa ■= X \ A is Stein implies the existence of a complex hypersurface 
Z C Xa such that C Z and Ya ^ Z. 

Moreover if we set A' := A U Z then Xa' = Xa x Z is also Stein and 
Ya> is a smooth non empty subvariety of Xjy. So let ip G C°°(X y 4/, M>o) be 
an exhaustive function such that w := > 0. We will consider also the 

Kahler manifold X c := < c} CC Xa' equipped with the complete Kahler 
metric uj c := u> + iddip 2 . For all 5, r > we introduce the current over Xa' 

Q s ,r ■= iC h {L) + idd{tp 5 + rip + rS$) . 

Let K > 1 be a sufficiently big constant such that 

iCh(L) + iddtps > —Koo , 
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iC h (L)+ ridd \og\a\ 2 > -Klo, 

and @s,t > —Klo c over X c . We infer by (|3.4p . (|3.5p and (13, 3|) the inequalities 
over X^/ 

I |2 

©5,r > iCh(L) +iddUps + Ttp) + ■;— ^ ^ridd\og\a\ 2 

\a\ z + o z 

5 2 

= tu + j-^-^ip (iC h (L) +iddif 5 ) 
W 2 



+ j^^[iC h (L) + idd(ip 5 + rlog\a\ 2 )] 



5 2 K , 

- ,T_ kF+aa ,w 



M 2 / • ^ 



+ \ a \ 2 +5 2 [iC h (L) +ridd log \a\ +——^iddip 
> ( T -wfp)^ + WT^^TT 2 (^H(L)+^ddlog\a\ 2 ) 



\a\ 2 e* 
+ \cr\ 2 + 5 2 + 5 2 

Id 2 ^ 

> r,5 u + --73 ^ — 

cr + 5 2 + <5 2 



with 



£ 2 if H 2 5 2 ET 

T<5:_r \a\ 2 + 5 2 \a\ 2 + 5 2 + 5 2 ' 

The hypothesis > implies 

\a\ 2 

&8,r >t 5 uj+ — t 2 6 . (3.6) 

for all (5 € (0, e). We introduce now the function \ '■ (~ oo,0] — > (— oo, 0], 

*(t) := 4 - log(l - t) , 

and we observe the trivial inequalities x < t, 1 < x' < 2, x" = (1 — *) -2 - We 
set r/ £ := e — x(<Se) and we remark the inequality e — S £ < r] £ < e — 2S e . In 
particular 

r] £ >2a> ax' , 
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for e > sufficiently small. By deriving the identity dr] £ = —x'(S £ )dS £ we 
infer the inequalities over X 

-idd % = x "(s £ )ids £ Ads £ + x '(s £ )idds £ 

> ( x"(s £ ) + ^ x'(s £ ) \ ids £ a Bs £ - x '(s £ )<z> £ 

* ( ^ + | |2 ) id Ve A d V£ - X '(S £ )$ £ . 

\x'[S £ y \a\ 2 x'{S £ )J 
Thus if we set A e := x'(S £ ) 2 /x"(S £ ) we infer the inequality 

e 2 

- iddr) e - A" 1 idrj £ A dr) £ > idr, £ A di] £ - x'(S £ )<^ £ . (3.7) 

Combining (|3.6|) with the positivity assumptions (13. ip and with the inequal- 
ity rje > o^x'i we infer 

for all 5 € (0, e). This combined with the inequality (|3.7|) yields 
©5 r : = %©<5,r - ^<9t? £ - X^i dr] £ A 9% 



2 



s 2 x'(s £ ) 



with 

t £ ,8 := 2t 



- 2yV idr le^dri £ + ri e Tsuj- — - p $ £ 
e 2 

> ^jf 1 dr le A #»7s + T e,6 U , (3.8) 

<5 2 i^ 5 2 K F \a\ 2 5 2 K F 



a\ 2 + 5 2 eV + 5 2 \a\ 2 + 5 2 + 5 2 
and K £ := if (e — 41oge) > K > 1, for e > sufficiently small. 



The lost of positivity locus. 

Let r € (0,1) and set Vs ■= X c fl {t £ <j < r}. An elementary computation 



shows that V s = X c n (Ei U with 



^ := {i6l |a(x)| 2 <5 2 (K £ /r-l)} , 

E'l := {x£l\Bj| p(s) < 2 log 5 + log(2ET £ - r) + log Mj(x)} , 
M 5 : 



r|a| 2 + (r - if £ )<5 2 
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We infer the family (Vs)s>o is non-decreasing and 

X e n(YU<p- 1 (-oo)) = f)V e . (3.9) 

<5>0 

Moreover the fact that the function ip is upper semicontinuous implies that 
the set Eg is open. Let U$ C X c be the interior of X' c \ V$. By elementary 
facts about measure theory we infer the identity 

/ Wc=°» (3.10) 

which will be very useful in step (C). We denote by 0| T t the current obtained 
by formally replacing (ps with (pst in the definition of Of r . By (13.8(1 and 
[Demlj . we infer the existence of a regularising family of locally uniformly 
bounded from above (over X) smooth functions (ips,t)t>o C C 0O (X, R) such 
that (ps,t i <P>6 as t — > and 

e 2 

Ql T> t> y^idrk A drk + (T-iH) u, (3.11) 

over Us, with {fi t )t>o = (j4 ' 5 ' T )t>o C C°(£/<s,R>o) such that m { locally 
uniformly as t — > 0. On the other hand by the definition of @g Tt and (13.7(1 
we infer the inequality 

©l,r,t > ^2 * ^ A ^ " ^ ' ( 3 - 12 ) 

over X c , with fc C)£ > a constant uniform in the parameters S, r and t. 

Step B). Construction of a L 2 -extension over X c . 

Let (Bj)j be a finite family of coordinate open balls Bj C X c which covers 
Y c := X c fl Y such that 5j nY is a vector space with respect to the complex 
coordinates of Bj and the bundles Kx and L are holomorphically trivial over 
Bj. Let fj be a holomorphic extension of / over Bj. By using a partition of 
unity (6j)j subordinated to (Bj)j one can construct a section 

^oo := °i h G C°°(X C , K X ®L), 
j 

such that Fqo = / and BlFoq = over Y. In fact 

d L F O0 = ^2d9 j Afj, thus d L F 0O = ^2Be j A f = over Y . 

j j 

Consider now 9 G C°°(R, [0, 1]) such that 9 = 1 over (-oo, 1/2], (9 = over 
[1, +oo) and \9'\ < 3. We set F £ := ^(e -2 !^! 2 )^. We will solve the equation 

B L U £ = B L F £ 

(3.13) 

U £ \y = 0. 
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In order to get U £ |y = we just need to inshur that the function |Z7 e | 2 |<7| -2r 
is locally integrable near Y since the complex codimension of Y is r. In this 
way we will obtain a holomorphic section H £ := F E — U £ over X c , which 
coincides with / over Y c . 

The definition of 0| T t combined with the inequality (|3.7p implies the exis- 
tence of a sufficiently big r > 1 such that 







> 



S,T,t '- 2 | a |2 



i dr\ £ A dr) £ + u> . 



(3.14) 



over X c for all e,5,t £ (0,1). We set fc' = /t^ := (|<j| 2 + 5 2 )~ r h e"^'-^. 
By using the identity e~ 2 e Se = 1 + e™ 2 |cr| 2 as in |Dem3j . one can decompose 
g £ := B L F £ = g 1}£ + g 2 , £ , with 



31, 



(1 + e - Vr) 0'(e kl) dS £ A F a 



(1 + e~ Vf) 9>(e- 2 \a\ 2 ) X '(S £ )- L 8r, £ A , 



32,, 



(e^M 2 )^^ 



We remark that the support of gj >£ is contained in {|<r| < e}, thus over this 
set hold the trivial inequalities 2e~ 2 \a\ 2 < 2 and {1 + e~ 2 \a\ 2 ) x' {S £ Y l < 2. 
So by combing the lemma Q] with the inequality 13.141 we infer the following 
punctual estimate 



< 



?(s- 2 \a\ 2 ) 2 \F c 



2 

oo \u c ,h' 



2\a\ 2 



i dr} £ A drj £ , uj* 



v, v 



u] c ,h' 

(3.15) 



< W'ie-M 2 ) 2 ^ 2 ^, (L £ v,v)^ h , , 
with L £ := [Qpg t ,u*]. By lemma [3] we infer the estimate 

(92,e,v) h , 2 < (L £ v, v) h , f \dF 00 \lfi\v\-»e-™.*-™l>dV u . 

JX c n{\a\<e} 

The Taylor expansion of BlF^ near Y c implies \di J F 00 \ 2 }h < C\a\ 2 over 
the set X c n {\a\ < e}. By putting all this together we infer for all v € 
L l c ,h>( X a An,lT x® L )i the estimate 



(0e,«) Wc ,hi < 2C' £ (L e V,v) h , 
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with C' £ := C £ + c £ and 



C £ := 8n! / e'ie-^fi^F^^FM-^e-^-^, 
Jx c 

c £ := C f {al-^-Ve-W-rl'dVv—tO, as e^O. 

JX c n{\a\<e} 

By corollary Q] we infer the existence of a solution of the 5-problem (|3.13l) 
with the L 2 -estimate 

n\ [ (rfe + A,)" 1 i n2 U £ A h U £ \a\~ 2r e-^-^ < 2C' £ . 
Jx c 

We need now the following estimate that we will prove in the step (D). 

Ve + K < (5 + 0(e))S 2 (3.16) 
Combining this with the previous inequality we infer 

n\ [ S £ 2 i n2 U £ A h U £ (\a\ 2 +e 2 )- r e'^ t ~ T ^<(5 + 0(£))2C' £ . 
Jx c 

Moreover the fact that the section F £ has uniformly bounded norm and 
support contained in X c fl {\a\ < e} implies the estimate 

n! [ S £ 2 i n2 F £ AF £ (\a\ 2 + £ 2 )- r e-^- T ^ 
Jx c 

< C{\og2e 2 )- 2 f e~ 2r dV < C'(log2e 2 )- 2 , 

JX c n{\a\<e} 

for some constants C, C > uniform in the parameters e, S, t, Combining 
this with the previous inequality we infer the last of the following inequalities 



a^nl I i n2 H £ f\H £ e-^- T ^ 
x c 



< /i 2 n! f i n2 H £ AH £ (\a\ 2 + e 2 r {r ~ 2 ^ e'^-^ 
Jx c 

! f S £ 2 i n2 H £ AH £ (\a\ 2 + s 2 )- r e-^- T ' 4 ' 
Jx c 



< n 



< 2(5 + 0{e))C' £ + 2C'(log2e 2 y 2 , (3.17) 

where a M > is a constant depending only on \x E (0, r/2) and a. By the 
lemma HI that we will prove in sequel, we infer the convergence 

Urn C £ = n\8K r I Yc (f, <?, <P6,t + n/>) < +oo (3.18) 

£^0 
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By weak compactness we can extract a weakly convergent sequence H £k with 
limit H$ t as £fc — > 0. Moreover Hg t = / over Y c as follows directly from the 
definition of Bergman Kernel. The fact that (— S^) -1 is uniformly bounded 
implies by claim Q] 

(-SeJ- 1 ^ — (^logM)" 1 ^ 

weakly as e& — > 0. By claim [2] (A), (|3.17p and (|3.18p we infer that the 
extension H$t satisfies the last of the L 2 -estimates. 



r 2 



Jx c Jx c W\h (logkl H ) 2 

< 320 K r lY B (f,<r,<P6,t)- 

By extracting a weak limit first in the i-parameter and second in the 6- 
parameter, as permitted by claim [2] (A), we infer the existence of a limit 
holomorphic extension H CyOQ of / such that 

r 2 I i ni H c>00 A h H c>00 e-v-^ < 320 K r I Yc (/, a, if) < +oo . 
Jx c 



C). Construction of the global extension with uniform L 2 -estimate. 

We set (-,-) 5ri := (-, ■) u}c f l5 According to step (B) the section / admits a 
holomorphic extension H c = H C)OQ over X c with 



i n H c A h H c e~ v < +oo , 



x c 



(3.19) 



since tp is uniformly bounded over X c . We set H C)£ := 9{e 2 \a\ 2 )H c and we 
obtain 

d L H c , £ = (1 + e~ 2 \a\ 2 ) 9'(e- 2 \a\ 2 ) x'^)' 1 d % A H c , 

as in step (B). Let (Ws t t)t>o be a non-increasing family of relatively compact 
open sets in Us such that fit < r over Ws,t an d Us = Ut>o^<M- ^° 
combing the lemma Q] with the positivity estimate (13. lip as we did in (|3.15l) 
we infer for all v £ L 2 T t {X c , K n < l T* x <g> L) 



d L Rr £ , v. 



S,T,t 



over the open set Wst, with L £ Srt 



< 89'(e- 2 \a\ 2 ) 2 \H c \ 2 ^ t {L% T<t v, v) Sr t , (3.20) 

Moreover the inequality 



(|3.12|) implies in a similar way the estimate 



(d L H c>£ ,v) gTt <8e\e- 2 \a\ 2 ) 2 \H c \l T<t ((Ll Tjt + kl £ I)v,v) STt , (3.21) 
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over X c . Thus if we set 

C£ Tt :=8n! [ 6'(e- 2 \a\ 2 ) 2 i n * H c A 5 , T , t H c , 

we infer from (EHUll and (IX2TD 

{8 L H C , £ , u)^ | 2 < 2Cf >Tii ((L| >Tii + *£ 6 Q*>, u)^ , 

with the multiplication operator by the characteristic function of the 
set X c \ Ws t t- Let now P& T ,t be the L^ rf (X c )-orthogonal projector on the 
closed subspace 

KerdLCLl^X^A^T^^L), 

By corollary [1] we infer the existence of a solution (U^ Tt ,R £ Srt ) of the per- 
turbed 9-equation 

dl^lr.t + k c,£ p s,r,t Qs,t R\ T ,t = 9lH C)£ , 
with the L 2 -estimate 

n\( (Ve + X e r l i n2 Ul Tjt A s>T>t Ul^ + I \Rl jT /s tTtt dV„ a < 2C| iT)t . 

By claims j2|) and ([1]) we can extract a weak limit in the t-parameter so as 
to drop the dependence on t in the last two relations, with Qs being the 
multiplication operator by the characteristic function of the set Vs. (Here 
we use the relation (|3.10|) ,) Moreover we observe 



,5^0 



C eT :=8n\ / e'(e- 2 \a\ 2 Yi n H c A h H c \a\- 2r e' v ~ T ^<+oo. 



by ([3T9l) . We infer by claims (EJ (A), Q and the identity ((379]) , the weak 
convergence Qs -Rf T — > as 5 — > 0. By claim j2|) (B) we infer Ps )T Qs -Rf T — > 
weakly as 5 — ► 0. By the claim j2]) (A) we can extract a weak limit U £jT as 
<5 — > 0, with the L 2 -estimate 

n! / (% + A e )- 1 i n3 ^ jT A fc cre, T H- 2p e-*'-^ 

< 2C e :=16n! f e'{e~ 2 \a\ 2 ) 2 i 11 " H c A H c \a\~ 2r e'* < +00 . 

and solution of the 9-problem 8lU £jT = BlH c ^. The fact that "0 is uniformly 
bounded from above over X c allow us to extract again a weak limit U £ in the 
r-parameter, solution of the equation BlII £ = BlH C:£ , with the L 2 -estimate 

n! f ( % + A,)" 1 i n2 U £ A h U £ \a\~ 2r e~ v < 2C £ (3.22) 



27 



Moreover U £ \y = since the complex codimension of Y is r. In this way 
we obtain a holomorphic section F £C := H c ^ £ — U £ which coincides with / 
over Y c for all e > 0. Then the existence of the required L 2 -extension F' c 
over X c follows from the same argument explained at the end of step (B). 
The L 2 -estimate allows to take again a weak limit in the c-parameter in 
order to find a L 2 -extension F' over Xjy, which in his turn extends to a 
global holomorphic section F with the required L 2 -estimate (with constant 
C r = 320K r ). 

D). End of the proof. We prove at this point the following elementary 
facts needed in step (B). 

Lemma 4 In the setting of the theorem ^ let F be an arbitrary continuous 
(holomorphic) extension of f let tp be a continuous (Y -admissible) weight. 
Then 

lim f e'(e- 2 \a\ 2 ) 2 i n2 FA h F\a\- 2r e~^ = K r I Y (f,o-, V ), 
with K r > a constant depending only on r and 6. 

Proof. Let u> be an arbitrary hermitian form on Tx- The conclusion follows 
by combining the identity 

^ \f\i,h \^da\Z% dVy^ = I V 2 f a A hM ] 9 , 

with 

lim f g9'(e~ 2 \o-\ 2 ) 2 \a\- 2r e~*dVx, l , = lY :=r\K r [ g \A r da\- 2 H eT *dV Y ,u , 

JX JY 

where g := -^ l-F^/j- We prove this last equality Since the problem can 
be localised we assume that E is topologically trivial over X. Let 6 be an 
i?-orthonormal trivialisation of the bundle E, consider s := 6 o a : X — > C 

and set s £ := e _1 s, 



riril2 n\ r! V A r ds A A r ds A ui p 



p\ u> r 



The fact that a is holomorphic implies da = da over Y, which in his turn 
implies ds = ds over Y. We infer 



w , ,2 , Am ,2 n! r! i r A r ds A A r ds A u p rAr , l2 
Wda\l^ H = \A r 3s\l = — — = {A r ds}l , 

over Y . Consider also 



a := r\e'(e- 2 \z\ 2 ) 2 \z\~ 2r i r2 dz Adz, K r := 1 / a(z) , 



zeCr 



P ■■= ^9{A r ds}- 2 
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We infer 

J £ := [ s* £ aApe-^ = f r\ 9'{e- 2 \s\ 2 ) 2 \s\~ 2r i r " A r ds A Arte A e~ v 
Jx Jx 

= [ ge'[e- 2 \a\ 2 ) 2 \a\~ 2r e-fdV x ^. 
Jx 

On the other hand 

lim J £ = lim / a(z) ■ f P(y)e~ lp{y) = [ a ■ [ /3e~ v = I Y ■ 

e^O e-tOJzeO- Jy£s- 1 (ez) JC r Js-^Q) 

This is obvious in the case ip is continuous. In the case ip is Y- admissible it 
follows directly from the definition. □ 

We prove now the estimate (|3.16p needed in steps (B) and (C). We observe 
first the inequality 

S £ <log(e- 2 +e 2 ) < -2 + 0(e 2 ). 

By multiplying both sides of this inequality by S £ (respectively 3S £ ) we 
obtain 

S 2 > (-2 + 0(e 2 ))S £ > (-2 + 0(e 2 )) 2 = 4 - 0(e 2 ) (3.23) 

S 2 > -6S £ + 0(e 2 )S £ (3.24) 

Combining the identity (x') 2 /x" = (2 — t) 2 with the inequality r] £ < e — 2S £ 
we infer 

T\ £ + A £ < 4 + S 2 - 65 £ + s . (3.25) 

We estimate the therms 4 and — 6S £ in (I3.25P respectively by means of the 
inequalities (I3.23P and (|3.24|) . We obtain 

Ve + A £ < 5S 2 - 0{e 2 )S £ + 0(e) < (5 + 0{e 2 )) S 2 + O(e) , 

since S 2 > -S £ > 2 - 0(e 2 ). We deduce the estimate ([XTHD . □ 

3.1 Simplifications of the proof in the local or projective 
case. 

We explain now how our general positivity estimate of step (A) simplifies 
in the local or projective case. In this setting we can assume that X c is a 
bounded pseudoconvex domain in C n . We will keep in part the notations 
introduced in the step (A) of the general proof. We set 

8v := i C h (L) + idd(ip + tiP + rS 5 ) . 
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We let K > 1 such that iCh(L) + iddip > —Klo and 6,5 )T > —Klo c over X c 
The same type of computation done in step (A) shows 



~ / 5 2 K \ \a\ 2 ^ 

for all S € (0, e) and with 

S 2 K £ 



f £ ,6 ■= 2r 



k| 2 + <5 2 



We define ®§ Tt by formally replacing <p with ip t m the definition of 0| T 
given in step (A) and we set 

V s := X c n {f £:5 <t} = X c H {\a\ 2 < 5 2 (K £ /t - 1)} . 

The same type of argument explained in step (A) implies that by means of 
usual regularising kernels we can construct a family (tpt)t>o C C 00 (X C ,]R) 
such that tpt | (p as t — > over X c and 

e 2 

@ lr,t> ^[2idTl e AdT} e + (T-jH)u, (3-26) 



over the interior Us of X c \ Vg, with {fit)t>0 = (/if ,<5,1 ")t>o C ^>o a family of 
constants such that /it | as i — > 0. 



The rest of the proof in the local or projective case follows, with the ob- 
vious simplifications, the lines of steps (B), (C) and (D). 

The case rk c E = 1. In the case X projective (or bounded pseudoconvex 
domain) and rk c E = 1, the Lelong-Poincare formula allows to regularise 
with arbitrary small lost of positivity over X c . More precisely by using this 
formula we deduce that the positivity condition O > is equivalent to the 
condition 

iC h (L) + iddip -iC H (E) > 0. 

In particular 6 > iCh(L) + idd — iCn{E) > 0. By using again the Lelong- 
Poincare formula we infer that the curvature condition > a~ 1 iCn(E) is 
equivalent to the condition 

iC h (L) + iddip - iC H {E) > cT x iC H (E) . 
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So by means of usual regularising kernels we can construct a family (ft)t>o C 
C°°(X C , R) such that (ft [ ip as t — > over X c , a family of constants (/U^)t>o C 
M>o such that fj,' t J, as t — > and. 

iC h (L)+idd<p t -iC H (E) > -/^w, 

iC h (L) + iddcp t -iC H (E) > oT l iC n {E) - y! t <jj . 

So if we set 

Tji := iC h (L) + id3 + + log M 2 ) , 
we infer once again by the Lelong-Poincare formula the inequalities 

@ T ,t >(t- fjfiu and @ Tit > a~ x i C H {E) + (r - /4V , (3.27) 

which in their turn imply 

|cr| z + £ z 

for //J < r. The fact that the extension i 7 ^ constructed in step (B) of the 
general proof satisfies |<9l-Foo|^ h — C\&\ 2 over the set X c n{|cr[ < e} allows us 
to construct a holomorphic extension over X c . In fact by applying standard 
L 2 -methods one can solve the 3-equation Bu c = dF^ with respect to the 
weight \a\~ 2r h e~ T ^ and with f >> sufficiently big to inshur 

iC h (L) + idd(fil> + rS s )>u, 

over X c for all 5 € (0, 1). So we obtain an extension H' c := i 7 ^ — u c and we 
set H' ce := 9(e- 2 \a\ 2 )H' c . 

By using the corollary [1] with respect to the complete Kahler metric of X C \Y C 
(see |Dem3j ) and with hermitian metric \a\~ 2r he~ ipt ~ T ^ , we infer the exis- 
tence of a solution of the 9-problem 

B L U^ = d L H' C}E , 

over X c with the adequate L 2 -estimate. (The solution U^ t extends over X c 
thanks to a standard lemma in |Dem3j ). 

The argument at the end of step (B) implies the existence of a holomorphic 
extension F^ T with the uniform L 2 -estimate 

Jx c (F t ,r, <r, ft + rip) < C r I Yc (/, cr, tp t ) ■ 

By claim [2] (A) we can extract a weak limit in the i-parameter so as to drop 
it. The fact that ip is uniformly bounded from above over X c allow us to 
extract again a weak limit in the r-parameter. 
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Further developments. We learn from J.-P. Demailly that his regular- 
ising technique [Dem2j my admit the following more geometric version. One 
can expect the existence of holomorphic hermitian vector bundles (Fk,hk) 
and holomorphic sections fk € H°(X,Fk) such that the approximations in 
|Dem2] could be written in the form 

cp k = /c^logl/fcl^ +u k , 

with Uk smooth. By assuming this, one could drop the Y-admissibility con- 
dition on the weight ip in the more general situation X almost Stein and 
rk c E = 1. In fact in this more general framework the extension result will 
follow by replacing the standard regularisations pt with Demailly's approx- 
imations (fk in the positivity estimates (|3.2Tj) . Then the conclusion will 
follow by applying the corollary Q] as just explained, to the extension -ff c ,oo 
constructed in step (B) of the general proof with respect to the complete 
Kahler metric of the manifold 

X C \(Y C U tp? {-oo)). 

This is possible thanks to the inequality (|2.20|) , 

Remark. As observed before, in the case rk c E = 1 the curvature con- 
ditions (|3.ip are equivalent to the condition 

iC h {L)+iddp > (l + kor l )iC H {E), 

for all k = 0, 1. In the case rk c E = r arbitrary, the curvature conditions 13.11 
can be replaced by a much less sharp condition. 

Theorem 5 Let (L, h) and (E, H) be two holomorphic hermitian vector bun- 
dles of rank rk c L = 1, rk c E = r over a projective variety X of complex di- 
mension n, let uj > be a hermitian form over X , let A = H £ C°(X,M) 
such that 

iC H (E) <\I E ®uJ, 
let a € H°(X,E) such that \a\ H < e~ a , a € R>i on X and set 

Y :=Y , Y := {x G X | a{x) = , A r da(x) + 0} . 

Consider also a quasi-plurisubharmonic function ip G L (X, R) such that the 
restriction <piy * s n °t identically — oo on any connected component of Y and 

iC h {L)+iddip > \{r + ka~ l )u, (3.28) 

for all k = 0,1. Then there exist a uniform constant C r > depending 
only on r and on a fixed cut off function such that for any section f S 
H°(Y, K x <8> L) with I Y (f, a, ip) < +oo there exist F G H°(X, K x ® L) such 
that F = f over Y and Jx(F, a, ip) < C r Iy(f, cr, ip). 
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Proof. The curvature condition (|4.5p allow to regularise (p with arbitrary 
small lost of positivity over X c . Then the curvature conditions (|3.ip hold for 
@ T ,t- This follows from the inequality 

i00 log > -H(iC H (E)a,a)\a\- 2 . 

The rest of the proof follows precisely the same lines of the case rk c E = 1 
previously explained. □ 



4 Singular pluri-extension results. 

In this section we combine the previous singular versions of the Ohsawa- 
Takegoshi-Manivel L 2 -extension theorem with an invariance of plurigenera 
technique invented by Siu [Siulj . |Siu2j and drastically simplified in [Pal J. 

Theorem 6 (The codimension one case). Let (L,h£) and (E^Ke) be 
two holomorphic line bundles over a polarised projective manifold (X, cj) of 
complex dimension n. Let o G H°(X,E) and lpl G L {X, R) be a quasi- 
plurisubharmonic function such that 



|2 <+oo, (4.1) 

with Y := Y Q , Y := {x £ X \ a(x) = , da{x) ^ 0} and 

iC hL {L)+id3vL > (l + ka-^iCniE), (4.2) 

for all k = 0,1 and for some a G R>i. Let also (F, hpe~ LpF ^) be a pseu- 
doeffective singular hermitian line bundle over X such that the restriction 
<Pf\y * s n °t identically — oo on any connected component of Y . Then for 
any u G H°(Y, m(K x + L) + F) such that 

\u\ 2 
Y \ d(J Z,h E 

with h m := ^x" 1 ® hl£ ® Kf and Qx '■= u> n /(n\) there exist a section U G 
H°(X, m(K x + L)+ F) such that U = u over Y and 



[ \U\ 2 hm e-^-^ F/m uj n < +oo. 
Jx 



Theorem 7 (The arbitrary codimension case). Let (L,h) and {E^He) 
be two holomorphic hermitian vector bundles of rank rk c L = 1, rk c E = r 
over a polarised projective manifold (X,u), let A = X E hE G C°(X,M) such 
that 

iC hE {E) <\l E ®u). 



33 



Consider also a G H°(X,E) and a quasi-plurisubharmonic function ifL G 
L 1 (X,R) such that 




\A r da\ 2 



,n—r 



< + 00 



(4.4) 



with Y := Y , Y := {x G X \ a(x) = , A r da(x) / 0} and 



iC hL (L) + idd<p L > X(r + ka~ 1 )u 



(4.5) 



for all k = 0,1 and for some a E R>i. Let also (F, hpe~ LpF ^) be a pseu- 
doeffective singular hermitian line bundle over X such that the restriction 
<Pf\y i- s n °t identically —00 on any connected component of Y . Then for 
any u E H°(Y, m(K x + L) + F) such that 



there exist U G H°(X, m(Kx + L) + F) such that U = u over Y and 



In the case the quasi-plurisubharmonic function <p is with complex analytic 
singularities we can assume much sharp curvature conditions thanks to the 
main L 2 -extension result [U In fact hold the following result. 

Theorem 8 (The analytic singularities case). Let (L,h) and (E,1ie) 
be two holomorphic hermitian vector bundles of rank rk c L = 1, rk c E = r 
over a polarised projective manifold (X,u>). Consider also a G H°(X,E) 
and a quasi-plurisubharmonic function ipz G L 1 (X, M) with complex analytic 
singularities such that (|4.4p hold over Y as in theorem Q and 



< iC hL (L) + idB(ip L + r log \a\ 2 hE ) > oT l h E (iC hE (E)a, a) \a\^ , (4.7) 



for some a G M>i. Let also {F,hpe~ LpF ) be a pseudoeffective singular her- 
mitian line bundle over X such that ifF is with analytic singularities and the 
restriction <£f\y is n °t identically —00 on any connected component of Y . 
Then hold the conclusion of theorem 

Proof. We will prove all this results at the same time. We can assume 
supx PL = supx fF = 0. For all v G N let k v := max{A; G N : km < u}, 
q u := v — k u m = 0, ...,m — 1 and L m := m(Kx + L) + F equipped with 
hermitian metric h m . We choose an ample line bundle A over X such that 

(Al) for all q = 0, m — 1 the line bundle (q(Kx + L) + A)i Y is base point 




(4.6) 
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free, globally generated by some family (s g j)j=i C H°(Y, q{Kx + L) + A). 

(A2) the restriction map H°(X, L m + A) — > H°(Y, L m + A) is surjective. 

Let f2y be the volume form over Y induced from the metric u. We fix 
also a smooth hermitian metric Ha on A and we note by | • \ v the norm of 
the induced hermitian metric 

H v := Six" ® h L® hp ® h A 

over the line bundle C u := v(Kx + L) + k u F + A. The assumption (Al) 
implies 

V Nq \s -I 2 
max max — % = Gi < +00 

0<p,q<m-l Y V p Is J 2 

With the notations introduced so far hold the following lemma. 

Lemma 5 There exist a constant C > such that for all v € N> m there 
exist a family of sections 

(^Cff ^,^), 
M v := iV^ smc/i that S u j \y = u kv <g> s qi/ j for all j = 1, and 

/ By/Bv-i fix < C , 
Jx 

with B u := Ylj=i \Sv,j\u > Bm-i '■= 1 by convention. 

Proof. The proof goes by induction. The statement is obvious for v = m by 
the assumption (A2). So we assume it true for v and we prove it for v + 1. 
Let d v = if q v < m — 2 and 8 V = 1 if q u = m — 1 . We have 

C v+1 = K X + C V + L + 5 V F, 

and H v+ i = Vl x l ® H v ®hL®5 v h,F- The singular hermitian line bundle 

(C u + L + <f„F , i?^- 1 ® foe"** ® S v h F e-f F ) 

satisfies the analogue of the curvature conditions (|4.2p . (|4.5p and (|4.7p re- 
quired to apply the singular versions of the L 2 -extension theorem stated in 
the section O We infer that any section s E H°(Y, C u+ \) such that 

i»+i(s) := / — - 2 < +00, 
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admits an extension S G H°(X, C v +\) satisfying the estimates 

/ ^jpox < / !^f±i e -^-«w^ x < c i y ,v+i(s), 

Jx v Jx £>v 

where Co > is a uniform constant. We distinguish two cases. 

Case I. In the case q v < m — 2 hold 

C v+ x = k v m(K x + L) + (q v + 1)(K X + L) + k u F + A, 

This implies that the section 

8 ■= u K ® s qv+1J G H°(Y, £ u +i) , 

j = 1, ...,M u+ i, (notice that in case I hold q u +i = q v + 1). This combined 
with the fact that 

M v 

B V \ Y = ^\u K ®s qv>t \l, 
t=l 



with the definition of the constant C\ and with the assumptions (14.11) . (|4.4I) . 
allow us to apply the previous version of the Ohsawa-Takegoshi-Manivel ex- 
tension theorem in order to obtain the required extensions S u +ij. 

Case II. In the case q u = m — 1 hold C u +i = (k v + l)i m + A, which 
implies s := u kv+1 (g) sqj G H°(Y,C w +i). This combined with the fact that 



N„ 



B V \ Y = I"*" ® s 



|2 

m—l,t\i/ j 



t=l 



with the definition of the constant C\ and with the assumptions (14.3(1 . (|4.6h . 
allow us to apply the previous version of the Ohsawa-Takegoshi extension 
theorem in order to obtain the required extensions S u +ij. □ 

Let f be the integral mean value operator. By lemma [5] and Jensen in- 
equality we infer 

/ (log B v - log B^)n x < log / B U /B U ^Q X < C . 
Jx Jx 

Moreover the singular hermitian line bundle 



(C km , H km B k ^) = (kL m + A 1 h k m ®h A B 



-l 

km I ' 
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is pseudoeffective. So in conclusion we got the following. 

7 / logB km n x < mC , 
k Jx 



iC hm (L m ) + ^-iddlogB km > - -iC hA {A) , 



1 1 N ° 

- \ogB km \ Y = log|n|| m + - log^|s j|I A . 

j=o 

By well known elementary properties of quasi-plurisubharmonic functions 
we infer that the L 1 -norm of the functions tpk '■= \ log B km is uniformly 
bounded. By the L 1 -compactness of quasi-plurisubharmonic functions we 
infer the existence of a subsequence V% convergent in the L 1 -norm and a.e 
to a quasi-plurisubharmonic function tp such that 

iC hm (L m ) + iddi>>o, 

and tp\y > log \u\\ . This last inequality follows from the mean value in- 
equality for plurisubharmonic functions. Thus the decomposition 

L m = K x + (m - \){K X + L) + L + F 
shows that the singular hermitian line bundle 

((m - l)(K x + L) + L + F , ^ (m_1) ®h%®h F e 
with 

m — 1 , 1 

V := ip + H <PF , 

m m 

satisfies the analogue of the curvature conditions (14. 2)1 . (|4.5p and (|4.7p re- 
quired to apply the singular versions of the Ohsawa-Takegoshi-Manivel ex- 
tension theorem stated in the section [3j Moreover the 1? condition 

n Y 




< Hie-** — — w^- < +oo, 



follows from the Holder inequality applied to the finite volume measure 
\A r da\~ 2 h e~ VL Q Y and the I? assumptions (@~3j), (l4~6l) . Thus we apply 
the singular versions of the L 2 -extension theorem of the section [3] in order 
to get the required extension U. □ 

We infer the following immediate consequences of the theorem [U 
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Corollary 2 Let (L, h L e~ ip L) be a pseudoeffective line bundle over a pro- 
jective manifold X and let Z C X be a hypersurface such the divisor —Z is 
semi-ample {i.e its stable base locus is empty) and 



L 



z \da 



"2— < +00 , 



z \h 



z 



with a z 6 H (X, 0{Z)) such that diva z = Z and with h z an arbitrary 
smooth hermitian metric on 0{Z). Let also (F, hpe~ ipF ) be a pseudoeffec- 
tive singular hermitian line bundle over X such that the restriction <pp\z 
is not identically —00 on any connected component of Z . Then for any 
u € H°(Z, m(K x + L) + F) such that 



L 



\u\ 2 



\ d(7 z\l z 



-fF < +OO . 



w tth I ' \mL f the norm induced by the hermitian metric h™ h F , there exist 
U € H°(X, m(K x +L)+ F) such that U = u over Z and 



f , 

/ I <mL,F 

Jx 



\U\ 2 T e -^-f F /m K +QOi 

<mL.F 



Corollary 3 Let Z C X be a hypersurface inside a projective manifold X 
and let (L,h L ) be a smooth hermitian line bundle such that some positive 
multiple pL can be decomposed as pL = A + E where A is a semi-ample 
line bundle such that aA — pZ is also semi-ample for some a £ N>i and 
(E, h E e~ ipE ) is a pseudoeffective line bundle such that 

— — < +00 , 



z \da 



z \h 



z 



with a z 6 H (X,O(Z)) such that diva z = Z and with h z an arbitrary 
smooth hermitian metric on O(Z). Let also (F, h F e~ ipF ) be a pseudoeffec- 
tive singular hermitian line bundle over X such that the restriction <fp\z 
is not identically —00 on any connected component of Z . Then for any 
u G H°(Z, m(K x + Z + L) + F) such that 

Jz \da z \ hz 

where \ ■ | m(L+z) F is the norm induced by the hermitian metric h™ ®h™ ®h F , 
there exist U G H°(X, m{Kx + Z + L) + F) such that U = u over Z and 

f P\i (W ^ E/p -^ /m <+oo, 
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In particular if Z is smooth and F is semi-ample then the restriction mor- 
phism 

H°(X, m(K x + Z + L)+F)^ H°(Z, m(K z + L ]z ) + F ]z ) , 
is surjective. 

Proof. We choose smooth metrics Ka and h a A- p z on A and a A— pZ respec- 
tively with semipositive curvature. We equip O(Z) with the smooth metric 
induced by \ia and h a A- P z and we apply in this setting the theorem [6] □ 

This last result should be compared with the proofs and results obtained 
in [Pal], |Dem4j . [Tak] . |Ha-Mcj . [VaT] . jBe-Palj . |Be-Pa2j . 

5 Appendix 

5.1 Proof of the classic L 2 -extension result. 

We give an essentially section self independent prove of the extension result 
in the case X C C n is a bounded pseudoconvex domain and Y := Yq. The 
hermitian vector bundles (L, h) and (E, H) are assumed to be trivial (rk c E 
arbitrary) and cp G Psh({7), whith U 3D X an open set. Let (<ft)t>0 be a 
smooth family of plurisubharmonic functions such that ipt J. tp as t — > 0. By 
IpHjl and ((331) we infer 

Qf s := i] £ idd((f t + Sg) - iddrj E - \ £ 1 idr} e A dr] £ > idrj £ A dr\ £ . 

The canonical section / admits a holomorphic extension i 7 ^ which can be 
constructed by classic L 2 -theory methods. Consider now F £ := 9(e- 2 \a\ 2 ) Foo 
and the expression 

BF £ = (l + e- 2 \a\ 2 )e'(e- 2 \a\ 2 ) X '(S e )- l dr le AF 00 , 

Combining the lemma Q] with the corollary [T] (with p = 0) as we did in step 
(B) of the general proof, we infer the existence of a solution U e t g of the 
<9-equation dU £i t,s = dF £l with the L 2 -estimate 

n\ f {ne + \e)- l i n2 U £ , t ^U £ ^{\a\ 2 + 5 2 )- r e-^ 

< 8n\ [ / (e- 2 | CT | 2 ) 2 i n2 F oo AF oo (|a| 2 + 5 2 )- r e-^. 
Jx 
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n 



By the claim j2|) (A) we can extract a weak limit solution U e> t as 5 — > 0, 
with the L 2 -estimate 

n\ I {ne + \e)- 1 i n2 U e , t /\U E t\a\~ 2r z~ ipt 

JX 

< C £ , t :=8n\ [ ^-Vf^AF^Iffl^e-*". 

We infer f7 e ,t|y = since the complex codimension of V is r. In this way 
we obtain a holomorphic canonical section F £<t ■= F £ — U £ j which coincides 
with / over Y for all e, t > 0. Combining (|3.16l) with the previous inequality 
we infer 

n\ [ S £ 2 i n2 U £ , t A U £>t (\a\ 2 + e 2 )- r < (5 + O(e)) C M . (5.1) 
Jx 

Moreover the fact that F £ is bounded and has support contained in {|<r| < e} 
implies the estimate 

f S £ 2 i n2 F £ AF £ (\a\ 2 + e 2 )' r e"<« < C{\og2e 2 )- 2 f e~ 2r dV 

JX J\a\<e 

< C'(log2e 2 )- 2 , 

for some uniform constants C, C > 0. Combining this with (15. ip we infer 
the last of the following inequalities 

a^nl [ i n2 F £ , t AF £it e-^ < p 2 n\ [ F e>t A F £>t (\a\ 2 + e ~<P* 
Jx Jx 

< nl [ S- 2 i n2 F £ . t AF £ ^{\a\ 2 +e 2 )- r e~^ 

Jx 

< (5 + 0(e))C e , i + C7 / (log2e 2 )- 2 , (5.2) 

with > a constant depending on \i S (0, r/2) and a. By lemma |4] we 
infer the convergence 

lim C et = n\ 8 K r I Y (f, a, <pt) < +oo (5.3) 

By weak compactness we can extract a weakly convergent sequence F £k j 
with limit F l as — ► 0. Moreover F l = f over F as follows directly from 
the definition of Bergman Kernel of the domain X. The fact that (— Se) -1 
is uniformly bounded implies by claim Q] 

(-5 £ J- 1 F £fc , t ^(-21og| ( 7|)- 1 F t 

weakly as Sk — > 0. By claim [2] (A), (|5.2|) and (15. 3|) we infer F t is the required 
L 2 -extension with respect to ipt. The conclusion follows by extracting a weak 
limit in the t-parameter as permitted by claim [2] (A). Notice that in this very 
particular case we obtain a constant C r = 160K r in the L 2 -estimate. □ 
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